
CAPON AND APES SPECTRUM ESTIMATION
FOR REAL-VALUED SIGNALS

AndreasJakobsson
�

SystemsandControlGroup
Box 27,SE-75103Uppsala

Sweden.

Torbjörn Ekman
�

SignalsandSystemsGroup
Box 528,SE-75120Uppsala

Sweden.

PetreStoica

SystemsandControlGroup
Box 27,SE-75103Uppsala

Sweden.

ABSTRACT

Thispaperconsiderstheproblemofestimatingthespectrum
of real-valuedsignals. We proposereal-valuedversions
of the Caponand the APESspectral estimators. Theesti-
mators are derivedas members of the Matched-Filterbank
(MAFI) estimatorclassasintroducedin [1]. Furthermore,
we showthat the real-valuedestimators will be unbiased,
whereasthecomplex-valuedestimators will havea (slight)
bias for real-valueddata. Finally, we concludethe paper
with a numericalexampleillustrating the performanceof
theproposedestimators.

1. INTRODUCTION

In the filterbank approachto spectralestimation,the am-
plitude of the spectrumis estimatedby passingthe signal
througha narrowbandfilter,

���
, with varying centerfre-

quency � (see,e.g., [2]). Here,and in the following, the
subscript � is usedto indicatea parameter’s dependence
on the filter’s centerfrequency. Let ���
	�������������������������
denotethe available(stationary)datasampleof which the
spectrumis to be estimated,where � denotesthe number
of datasamples.Thefilter outputcanthenbewrittenas:���� � 	���"!$#"	%�&�')( �+*-, '+	����� (1)

for �.�/�0���������21 , where 13�4�65�7 , � ,� 	8��9�;: �
	���<�����=�
	�� , 7�5>�)@?�A � (2)	CBD A and 	CBD � denotetransposeandcomplex conjugatetrans-
pose,respectively, and '+	��� is someadditive colorednoise.
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Theleast-squaresestimateof thecomplex amplitude,#&	��& ,
in (1) is thengivenby E#F	%�&.� � �� G �

(3)

where G � � �1 HI *�J�K � 	���C'0LM( �+* � (4)

The problem of designing
�-�

as a matched-filterbank
(MAFI) wasstudiedin [1]. It wasfoundthatthewell-known
Caponmethod[3, 4], aswell astherecentlyproposedAPES
(Amplitude and PhaseEstimationof a Sinusoid)method
[2], canbeinterpretedasmembersof theMAFI class.The
correspondingfiltersaredesignedas:�ON�P�Q�RTS� � EU L K2V �XW V �� EU L KYV �MZ L K (5)�O[
\^]�_� � E`@a L K� V �XW V �� E`ba L K� V �
Z L K (6)

wherethe estimateof the (complex-valueddata)noiseco-
variancematrix,

E` a�
, is foundas(see[1])E`ba� � EU 5 G � G �� � (7)

and EU � �1 HI K � 	8�� � 	8�� � (8)V � � : �c' ( � �����d' (8egfML KCh%� ? A � (9)

Many signalsareactuallyreal-valuedwhichtheabovefilter
designdoesnot exploit. For suchsignals,it is moreappro-
priateto designthefilter takinginto accountthefactthatthe
spectrumis symmetric.

In thefollowing sectionwe presenta real-valuedversion
of the CaponandAPESspectralestimators.In section3,
we then discusstheseestimatorsbias in the caseof real-
valueddata. Finally, we concludein section4 with a nu-
mericalsimulationillustratingtheproposedestimatorsper-
formance.



2. THE REAL-VALUED MAFI APPROACH

It is reasonableto expect betterperformanceof the real-
valuedfilter designbecauseby constructionthefilters will
passboth frequenciesof interest, i and jFi , undistorted,
whereasthecomplex-valueddesignabovewill only passi
undistorted,andwill try to null jFi , thereforeyielding less
power in thefilteredoutput.

Thefilterbankapproachbasicallyreducestheproblemof
estimatingthespectrumof k
l�m�n to thatof estimatingtheam-
plitude of a sinusoidalsignalburied in colorednoise(see,
e.g.,[2, 5]). Therefore,undertheassumptionof real-valued
data,it is reasonableto considerkMl8m�n to be additively de-
composedas:k
l�m�n.o4p�qsr�tvu-l�i.m
wyxOq
n^w{z.l�m�n (10)

where p�q}|{~ , i�|$l��������M� and z.l�m�n is someadditive col-
orednoise.By rewriting (10)as:kMl8m�n.o4� qs��� r�l%i.m�n-w}� q rTtvu-l%i.m�n-w{z.l�m�n�� (11)

where x q o ��� �Y� ��u�� � q�2q�� (12)p q o � ���q wy���q � (13)

wecanwrite �9l�m�n as:�&l�m�n�o � qM� l8m�n-wy�&l8m�nY� (14)

where�&l8m�n is formedin thesameway as �9l8m�n , and

�bq o �����
� ���� r+i r�tvu"i
...

...��� r�l���j � n i r�tvu^l8�{j � n i
¡£¢¢¢¤ (15)

� l�m�n¥o ¦ ��� r�l%i.m�n rTtgu�l%i.m�nj�r�tvu^l%i.m�n ��� r�l%i.m�n@§&¨ q (16)o ©�q«ª-¬ � (17)

where ¨ q o ® ��q �2q�¯ ¬ (18)©�q o ¦ ��q �Yq�2q j°��q�§ (19)ª  o ® ��� r�l�i.m�n±rTtgu^l�i.m�n ¯³² (20)

As in the complex-valuedcase(see[1]), the choiceof the
filterlength, � , shouldbe doneby a compromisebetween
resolutionandstatisticalstability: thelarger � thebetterthe
resolutionbut theworsethestatisticalstability.

Following theMAFI designin [1], thereal-valuedMAFI
filter is designedsuchthatthecorrespondingsignal-to-noise
ratio (SNR)in thefilter’soutputis maximized:´ �¶µ·�¸º¹�» ¬q �bq ¹ �» ¬q½¼¾À¿q » q (21)

where ¹³Á¶¹ denotesthevectornorm,thefilter is constrained
as(c.f., (14)and(16))

» ¬q �bq�o ® � �y¯sÂo$Ã�¬&� (22)

and ¼¾ ¿q is anestimateof the(real-valueddata)noisecovari-
ancematrix. Themaximizationin (21),undertheconstraint
(22),caneasilybefoundto beequivalentto´ tvu·�¸ » ¬q ¼¾ ¿q » q subjectto » ¬q � q o4Ã ¬ � (23)

whichis awell-known,well-studied,minimizationproblem
(see,e.g., [6]). The real-valuedversionof the Caponand
APESestimators(termedrv-Caponandrv-APES)canthen
befoundas(c.f., (5) and(6))

» ¿�Ä)Å ÆOÇTÈ�É�Êq o ¼Ë Å
Ì � q½Í �Î¬q ¼Ë Å
Ì � q Ï Å^Ì Ã (24)» ¿�Ä)Å Ð
Ñ^ÒOÓq o ¼¾ ¿�Å^Ìq �@q Í �@¬q�¼¾ ¿�Å
Ìq �@q Ï Å^Ì Ã ² (25)

Using (17), the estimateof the datacovariancematrix can
bewrittenas:¼Ë o Ôl8�bq-©�qMnTÕ Ôl8�@q-©�qMn ¬ w ¼¾ ¿q (26)

where ÕÖo �× ØÙ �Ú Ì ª-¬ ª  ² (27)

From (14), the leastsquaresestimateof �bq^©�q , ignoring
thefactthat �@q is known, is givenby:Ôl8� q © q n.o ¼Û q Õ Å
Ì

(28)

where ¼Û qÜo �× ØÙ �Ú Ì �9l8m�nÝª  ² (29)

Finally, inserting(28)into (26)yieldsthefollowingestimate
of ¼¾ ¿q (c.f. (7)) ¼¾ ¿q o ¼Ë j ¼Û q Õ Å
Ì ¼Û ¬q ² (30)

By using equation(22) and the structurein (16), a least-
squaresestimatorof ¨ q canthenbeformulatedas:¼¨ q½oÞÕ Å^Ì ¼Û ¬q » q (31)



where ß-à denoteseither the Caponor the APES-filter in
(24) and(25), respectively. Thentake áâ à , using(13) and
theestimatesin (31),asanestimateof thespectrumof ãMä8å�æ
at frequency ç .

From a computationalviewpoint, it is hereworth men-
tioning that the calculationof áèbé�ê^ëà in (25) can be done
efficiently by expandingtheinversionof áèÀéà usingthema-
trix inversionlemma(see,e.g.,[6]). Furthermore,notethatìíê
ë

in (30) canbecalculatedin a closedform expression
andthat thesumin (29) canbeefficiently computedusing
therealandimaginarypartof theFFT.

Also, notethatin thecaseswhere îTïgð-ä�ç.å�æ&ñ�ò (andsim-
ilarly for ó�ô�î�ä�ç.å�æ�æ the inversionsneededto calculate(24),
(25) and(31) will needspecialsolutions(which areeasily
derived)dueto thefactthatthematriceswill besingular.

3. BIAS ANALYSIS

To examinethebehavior of thecomplex-valuedCaponand
APESspectralestimatorson real-valueddata,we reformu-
latethedatamodelin (10)usingEuler’sformulas.Thesam-
plevector õ9ä�å�æ in (2) canthenbeexpressedas:õ&ä�å�æ9öÞ÷ àMøùà
úüû à+ý
þ ÷³ÿà ø ê àMú ê û à�ý^þ�� ä8å�æ�� (32)

where÷�àÜö ä â à ��� æ ú û��
	�� ê������� . Theleastsquaresestimator
in (3) canthenbewrittenas:á÷ à ö$÷ à þ ÷�ÿà���� ê^ë úüû à � à ä��Fç&æ �Mä � ��ç&æ þ�� ÿà�� à � (33)

where ä�� æ denotescomplex conjugate,the frequency re-
sponseof thefilter � à at frequency  , � àOä! 
æ , is foundas:� àOä! 
æ.ö "� #$%'& ë � àOä!(�æ ú ê û
) % ö � ê
ë ú ê û
) �+*à ø ) � (34)

and,where

�Mä � �Cç&æ¥ö ,$ ý & ë ú û � à�ý (35)ö ú û-� ,/. ë�� à îTïgð-ä � ç&æîTïgð-ä�ç&æ (36)

� à ö "� ,$ ý & ë�0 ä8å�æ ú ê û à+ý�1 (37)

Following thediscussionin [1], theexpectedvaluefor the
estimationerrorin (33)canbeexpressedas:2 ä�á÷ à � ÷ à æ9ö$÷ ÿà ��� ê
ë ú û à � à ä3�Fç&æ � ä � �Cç&æ'� (38)

where
2 ä3�Dæ denotesexpectation.Since � ä � �Cç&æ in (38) is

an oscillating function, and as � à�ä3�Fç&æ , althoughsmall,
will be non-zero,the complex-valuedestimatorswill have

a (slight) bias(at mostfrequencies)for real-valueddata. It
shouldbe notedthat, even thoughthe methodsarebiased
on real-valuedsignals,thisbiaswill in mostcasesbesmall.
The methodswill treat the contribution from ÷ ÿà ú ê û à�ý as
partof thenoiseandwill thustry to minimizeit’s influence.

A similarprocedurefor theleast-squaresestimatefor the
real-valuedspectralestimatorswill indicatethatthey areun-
biased. The estimationerror in (31) can,by insertingthe
expressionfor á4 à in (29),berewrittenasin (39),at thetop
of thenext page.Theestimateof thespectrum,áâ à , asgiven
by (13),will thusbeunbiased.

4. NUMERICAL EXAMPLE

As the finite-sampleperformanceanalysisof the spectral
estimatorsis quite difficult at best, we illustrate the per-
formanceusing numerical simulations. In this section
we studyhow the estimatorsperformancedependson the
signal-to-noiseratio (SNR). Figure 1 shows the modulus
of the truespectrumwhich consistsof threesuperimposed
real-valued sinusoids located at the following frequen-
cies: ò 1 "6587�9 �Tò 1 ";:�9 ò<�Tò 1 � "6=>5 (where

"
is the samplingfre-

quency). Thesinusoidshaveinitial phasesò 1 �>? ��ò 1 @ ? �Tò 1 ��? .
The datasequencehas A ö @ 5 datasamplesand is cor-
ruptedby a zeromeanwhite Gaussiannoisewith standard
deviation B . TheSNRfor the ( th sinusoidis definedas

SNR% ö " òDCvôFE â �%B � G dBH (40)

where â % is theamplitudeof the ( th sinusoid.In thesimu-
lateddatathesewere ò 1 I � � � " .
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Figure 1: The modulusof the true spectrum,plotted to-
getherwith theperiodogramandtherv-APESspectralesti-
mate,SNR=25dB.

The filterlength, � , wassetto 20 taps. To obtaina rea-
sonablyfine grid on the frequency axis the spectrumwas
evaluatedat256grid points.In Figure1 thelimited amount
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(39)
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Figure2: Thepresentedestimators’MSEastheSNRvaries.
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Figure3: Thepresentedestimators’biasastheSNRvaries.

of datagivesa corruptedperiodogram,while the rv-APES
manageto reproducethetruespectrumquiteaccurately.

Figure 2 shows the mean squareerror (MSE) of the
Capon(solid line), rv-Capon(dashedline), APES (dash-
dottedline) and rv-APES(dotted-line)spectralestimators
for thesecondfrequency astheSNRvaries.As canbeseen,
the proposedestimatorsperformbetterthantheir complex
counterparts.Note that the reasonwhy theMSE increases
for highSNRis that

M|
becomesalmostsingular.

Figures3 and4 shows the estimatorsbiasandvariance,
respectively, and as was expectedthe real-valuedestima-
torshave a somewhatlower biasthantheir complex-valued
counterparts.It canalsobe seen,in Figure4, that the rv-
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Figure 4: The presentedestimators’varianceas the SNR
varies.

Caponestimatorhave a (slightly) lower variancethan it’s
complex-valuedcounterpart,whereastheAPESestimators
haveroughlythesamevariance.

It shouldbe mentionedthat the estimatorsperformance
variessomewhatwith thefrequency separation,but thecase
shown is typical. Ourresultsareobtainedfrom 1000Monte
Carlotrials.
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